We study wave propagation in a cold nonrelativistic and magnetized ideal quark gluon plasma taking into account nonlinear effects. In the context of nonrelativistic hydrodynamics we derive a nonlinear wave equation for baryon density perturbations under the influence of an external magnetic field. The wave equation obtained is the Ostrovsky equation which has wave packet solutions. The behavior of these wave packets and their dependence on the QCD parameters is investigated.
I. INTRODUCTION
Nonlinear waves are very interesting. In particular, Korteweg-de Vries (KdV) solitons are remarkable objects, which may be observed in several types of fluids from ordinary water to astrophysical plasmas [1] . During the last decade we started to produce a new kind of fluid in laboratory: the quark gluon plasma (QGP). Usually quarks and gluons are confined in the interior of baryons (such as the proton) and mesons. In the QGP they are free to travel longer distances. With the advent of the Large Hadron Collider (LHC), we are able to study larger and longer living samples of QGP and even to study the propagation of perturbations in this new medium. In this context a natural question is: Can we have KdV solitons in the QCD plasma? A first answer to this question was given in [2] . The main conclusion of that work was that it is possible to have KdV solitons in QCD, provided that two conditions are satisfied. The first condition is that the gluon field has a dynamical mass. The second condition is the existence of second order derivative terms in the energy density and pressure. These terms appear naturally from the formalism, once we include inhomogeneities in the fields. If we neglect the derivatives we arrive at the breaking wave equation.
The existence of KdV solitons in other fluids made of strongly interacting hadronic matter was already investigated. The first works on the subject were published in [3] , where the authors considered the propagation of baryon density pulses in proton-nucleus collisions at intermediate energies. In this scenario the incoming proton would be absorbed by the nuclear fluid generating a KdV soliton, which, traversing the whole nucleus without distortion, would escape from the target as a proton and would simulate an unexpected transparency. In [3] the existence of the KdV soliton relied solely on the equation of state (EOS), which had no deep justification. In [4] we have reconsidered the problem, introducing an equation of state derived from relativistic mean field models of nuclear matter. We concluded that the homogeneous meson field approximation was too strong and would exclude the existence of KdV solitons. We could also trace back the derivative terms in the energy density to derivative couplings between the nucleon and the vector meson. In [5] we extended our analysis to relativistic hydrodynamics and in [6] we considered hadronic matter at finite temperature and studied the effects of temperature on the KdV soliton. In [7] we started the study of perturbations in the QGP at zero and finite temperature. The conclusion found in this last work was that the existence of KdV solitons in a QGP depends on details of the EOS and with a simple MIT bag model EOS there is no KdV soliton! A further study of the equation of state, carried out in [8] , showed that if non-perturbative effects are included in the EOS through gluon condensates, then new terms appear in the expression of the energy density and pressure and in [2] it was shown how these new terms lead to a KdV equation, after the proper treatment of the hydrodynamical equations.
The existence and effects of a magnetic field in quark stars has been studied since long time ago [9] and became a hot subject in our days. In a different context, about ten years ago [10] it was realized that a very strong magnetic field might be produced also in relativistic heavy ion collisions and it might have some effect on the quark gluon plasma phase. An ensuing question is then: What is the effect of the magnetic field on the waves propagating through the QGP? In a recent work [11] we studied the conditions for an ideal, cold and magnetized quark gluon plasma (QGP) to support stable and causal perturbations. We have derived the dispersion relation for density and velocity perturbations. We found that the existence of a strong magnetic field does not lead to instabilities in the velocity and density waves. Moreover, in most of the considered cases the propagation of these waves was found to respect causality. The magnetic field changes the pressure, the energy density and the speed of sound. It also changes the equations of hydrodynamics. One of the conclusions of [11] is that the changes in hydrodynamics are by far more important than the changes in the equation of state. In a subsequent paper [12] the study was extended to the case of nonlinear waves. We investigated the effects of a strong and uniform magnetic field on nonlinear baryon density perturbations in an ideal and magnetized quark gluon plasma. We have considered the magnetic field in the EOS and also in the Euler equation.
This last study might be applied to the deconfined cold quark matter in compact stars and to the cold quark gluon plasma formed in heavy ion collisions at intermediate energies at FAIR [13] or NICA [14] . A wave equation was derived and this wave equation could be identified as the reduced Ostrovsky equation (ROE), which has a known analytical solution given by a rarefaction solitonic pulse of the baryon perturbation. At a qualitative level we could observe that the most remarkable effect of the magnetic field was to reduce the wave amplitude. In [12] a strong mean field approximation was adopted and hence the effects of density inhomogeneities were neglected.
In the present work we combine the effort made in [2] with those made in [11] and [12] and study baryon density perturbation nonlinear waves in a inhomogeneous and magnetized QGP. We develop an analytical approach which goes beyond the mean field approximation for the gluon field [15] , and includes inhomogeneities in the quark matter. These inhomogeneities are described by laplacians of the baryon density. In a formalism which preserves the nonlinear terms in the wave equations (Reductive Perturbation Method (RPM) [16] ), these laplacians yield a new term in the obtained wave equation. Essentially, it is a dispersive term proportional to the third spatial derivative of the baryon density perturbation, which is added to the previously found [12] wave equation. In the end, in the present work we obtain the Ostrovsky equation for baryon density perturbations in the quark gluon plasma.
Originally, the Ostrovsky equation was discovered in the realm of oceanography and describes waves in a rotating ocean [17, 18] . In [18] it was shown how solitary waves may exist upon long background waves. The Ostrovsky equation was also found in plasma physics, where it describes weakly magneto-acoustic waves propagating at an arbitrary angle to an external magnetic field in a rotating plasma [19] . The dispersion term in this case is positive, and yields simple solitons solutions with oscillating tails. These solitons have their shapes numerically obtained. Under certain approximations [19] there are also analytical solutions.
A comparison between the latter and the former shows qualitative and quantitative agreement for small amplitudes [19] .
The Ostrovsky equation with positive dispersion coefficients, which the one discussed throughout this work, satisfies the "antisoliton theorem" which means that solitary waves cannot exist [18] . Numerical and analytical consequences of this property are explored in [20] , where the decay of initial KdV solitary wave profiles is observed. A solution of the Ostrovsky equation was developed in [20] . We will follow this work in searching for the solutions of the equation obtained here.
In the next section we show the basic nonrelativistic hydrodynamical equations in the presence of an external magnetic field. In Section III we present the equation of state with this same external magnetic field. In Section IV we develop the deduction of the Ostrovsky equation via RPM and in Section V we follow the approach developed in [20] to obtain the solution of the Ostrovsky equation. Finally we present some comments and conclusions.
We start from the nonrelativistic Euler equation [21] with an external uniform magnetic field [11, 12, 22] . The magnetic field is included also in the equation of state. The uniform magnetic field has intensity B and it is along the z−direction: B = Bẑ. As usual, we consider the three quarks species for the quark gluon plasma (QGP): up (u), down (d) and strange (s) with the respective charges Q u = 2 Q e /3, Q d = − Q e /3 and Q s = − Q e /3, and the respective masses m u = 2.2 MeV , m d = 4.7 MeV , and m s = 96 MeV [23] . Throughout this work, we employ natural units ( = c = 1), the metric used is g µν = diag(+, −, −, −) and the absolute value of the electron charge is Q e = 0.08542 [24] . The quark mass density (ρ mf ) and the baryon density (ρ B f ) are related by ρ mf = 3 m f ρ B f . The charge density for
Due the external magnetic field, the considered particles with different charges assume different trajectories, so the multi-fluid approach [11, 12, 22, 25, 26] is employed.
The Euler equation for each quark flavor f with an external uniform magnetic field is given by [11, 12, 21] :
with the pressure gradient being anisotropic due the magnetic field [12] :
where p f is the parallel pressure and the p f ⊥ is the pressure perpendicular to the magnetic field B = Bẑ.
The continuity equation for the baryon density reads [11, 12, 21] :
For simplicity of the notation, from now on we omit the flavor label ("f") and later we will specify it when necessary.
III. THE EQUATION OF STATE
The first derivation of the equation of state which we called mQCD, was presented in [8] .
The mQCD with an external magnetic field was deduced in [22] and used in the calculation of the stellar structure of compact quark stars under magnetic field effects [22] , was applied to the study of causality and stability of waves [11] and more recently, to the study of nonlinear effects in baryon density waves in the mean field approach (MFT) [12] .
Now we repeat the same calculations previously performed in [8, 22] , but with a different approach for the gluon field α a 0 . Before it was just a constant and now it is considered as a function of space and time, α a 0 (x, y, z, t). Going beyond the usual MFT, we are able to include the inhomogeneities of the baryon density in the energy density and in the pressure. This is done as follows. We start from the equation of motion of the (massive) gluon field:
where m G and g are the gluon mass and the quark-gluon coupling constant respectively.
Neglecting the derivatives we would find the mean field value of the field:
Now, instead of neglecting the laplacian, we insert (5) in the ∇ 2 α a 0 term of (4) and solve it again for the field α a 0 obtaining [15] :
where ρ a is the temporal component of the color vector current j aν , given by
f j related to total net quark density ρ by ρ a ρ a = 3ρ 2 /8; and consequently with the baryon density ρ B through the following relation ρ B = ρ/3, as described in the Appendix of [22] .
After some algebra [8, 22] , the energy density (ε), the parallel pressure (p f ) and the perpendicular pressure (p f ⊥ ), are given respectively by:
where the ∇ 2 ρ B terms came from ∇ 2 ρ a of (6). Again, as in [12] , the baryon density is:
where the int[(...)] is the integer part of (...) and ν f is the chemical potential for the quark f . As usual, for a fixed magnetic field intensity, we choose the chemical potential ν f and then determine ρ B . We need to fix the value of the coupling constant, g, of the dynamical gluon mass m G and also of the "bag" constant B QCD . For g/m G → 0 we recover the MIT EOS [11, 22] .
IV. THE OSTROVSKY EQUATION
As previously studied in [12] , the background density upon which small perturbations may occur, ρ 0 , which in this work is given by the typical QGP baryon density, is defined by multiples of the ordinary nuclear matter density ρ N = 0.17 f m −3 .
By bringing to mind the Reductive Perturbation Method (RPM) developed in [16] , studied in [12, 15] and improved recently in [25, 27, 28] , it is possible to preserve the nonlinear terms such as the ∇ 2 ρ B terms in (8) and (9) to obtain nonlinear wave equations for the baryon density perturbations. We first use the pressures (8) and (9) to calculate the gradient (2) of (1). This Euler equation with magnetic field effects included together with the EOS and the continuity equation (3) will be rewritten by the RPM approach, which consists in changing variables going from the (x, y, z, t) space to the (X, Y, Z, T ) space using the "stretched coordinates" defined by
and B = σB for the magnetic field [12] . So, we obtain the equations (1) and (3) in the (X, Y, Z, T ) space containing the small parameter σ, which is also the expansion parameter of the dimensionless baryon density and dimensionless velocities [12, 15, 16] :
The equations (1) and (3) in the (X, Y, Z, T ) space, rewritten in terms of (11) to (14) are collected in powers of σ, σ 3/2 and σ 2 . The terms for σ n with n > 2 are neglected. Each component of the Euler equation (1) in the RPM is given by:
The continuity equation (3) in the RPM is:
Each bracketed factor multiplying the powers of σ in the last four equations must vanish independently. So, the set of equations (IV) to (18) when solved give the following equation:
together with the constraint for the perpendicular speed of sound:
which is naturally found from the terms of O(σ). The equation (20) coincides with the "effective sound speed" obtained in the linearization approach in our previous works [11, 12] .
Neglecting the spatial third derivative term in the (19) above, we recover the results in [12] .
The Eq. (19) rewritten in cartesian coordinates, results in the following nonlinear wave equation:
where we make the identification δρ B f ≡ σρ f 1 in the expansion (11), which is the first perturbation from the background density ρ 0 . The equation (IV) is similar to an Ostrovsky equation with three cartesian coordinates [17, 18] . However, the equation (IV) can be reduced to the one dimensional spatial case by making a direct reference to the simple variable [12] :
and hence:
The equation (23) is the Ostrovsky equation in the (ξ, t) space [17, 18] or rotation modified Korteweg-de Vries (rKdV) equation [18] . For simplicity in the notation, we omit the "f " label in all positive coefficients c 0 , α, β and Γ in (23) . The velocity of the dispersionless linear wave c 0 , the nonlinear coefficient α, the small-scale (Boussinesq-type) dispersion coefficient β and the large-scale (Coriolis-type) dispersion coefficient Γ are given by:
When β = 0 in (23), which is equivalent to neglect the ∇ 2 ρ B terms in (8) and (9), we recover the reduced Ostrovsky equation (ROE) [12] . When Γ = 0, i. e. , no magnetic field, the equation (23) becomes a Korteweg-de Vries (KdV) equation which has an exactly solitary wave solution.
In the next section we will look for solutions of the Ostrovsky equation.
V. THE WAVE PACKET SOLUTION

A. Dispersion relation
The Ostrovsky equation (23) with βΓ > 0 satisfies the "antisoliton theorem", as previously mentioned in the introduction. In order to solve it analytically, we follow the approach developed in [20] which consists in the search of a solitary wave packet solution. For this purpose, we first perform the linearization of (23) and neglect the α term. We then assume that the solution is of the plane wave type, δρ B f = A e i(k ξ−ωt) , where A is a small amplitude, ω is the frequency and k is the wave number. The dispersion relation reads:
which yields a phase velocity v p and a group velocity v g given respectively by
and
These velocities will be used later in this work. It is important to remember that all coefficients in (24) are positive real numbers.
B. Nonlinear Schrödinger equation
We start by considering the following weakly nonlinear asymptotic solution for the Ostrovsky equation (23) as in [20] :
Inserting (V B) into (23) we obtain an equation of the form:
where every . . . must vanish. The functions A 0 (ξ, t), A(ξ, t), A 2 (ξ, t), . . . are slowly varying and |A| 2 << 1. The mean A 0 and the second harmonic A 2 are expected to be of the order of |A| 2 and hence we consider only terms up to the order e 2i(k ξ−ωt) [20] .
Collecting the terms of (29) without oscillation we find:
From the O e i(k ξ−ωt) terms of (29) we have:
Analogously, from the terms of order e −i(k ξ−ωt) we obtain the complex conjugate of (V B).
Using (27) , we rewrite the coefficients of first and second spatial derivative terms of (V B), so it can be rewritten as:
As mentioned before, we are looking for solitary wave packet solutions, which is an envelope of localized waves that travels as a single wave. We expect thus that A 0 , A, A 2 , their complex conjugates and also their derivatives with respect to ξ vanish when ξ → ±∞.
Performing the integration of (V B) we find:
From (V B) we obtain the following three results:
From (35) we get the optimization condition for the group velocity ∂v g /∂k = 0, that gives the critical wave number k c . This particular wave number is given by k c 4 = Γ/3β which leads to the maximum group velocity V g = v g (k c ) = c 0 − 2 √ 3βΓ. This condition agrees with
which is the coefficient of the third spatial derivative term of (34). With this optimal condition for the group velocity and the trivial choice of A 0 = 0, we can write the equation (34) as:
The integration of (30) with the choice of A 0 = 0 gives:
since |A| 2 , |A 2 | 2 are slowly varying, and the result of |A| 2 << 1 and |A 2 | 2 << 1 are complementary, needed to be satisfied for the wave conditions. Equation (39) represents the terms without oscillation of (29) above and the equation (38) is the main contribution of the O e i(k ξ−ωt) terms in (29) . The O e 2i(k ξ−ωt) terms of (29) give: 
Neglecting all derivatives, (V B) gives DA 2 ∼ = 2αk 2 A 2 which implies:
To obtain the first-order approximation, we can also neglect higher order derivatives in (V B) and hence:
which, when inserted into (42), gives:
Substituting A 2 ∼ = 2αk 2 A 2 /D , the equation (44), the dispersion relation (25) and the group velocity (with k = k c ) into the right side of (V B) and keeping only the first spatial derivative of A 2 , we arrive at: Equation (45) is the contribution of the O e 2i(k ξ−ωt) terms to (29) .
In order to obtain the final equation for A, we insert (45) into (38), which is the analogue of the nonlinear Schrödinger equation (NLS) for the complex envelope A(ξ, t) [20] :
with the nonlinear coefficients defined by:
C. Solitary wave packet
As in [20] , we seek for a solitary wave packet for (47) as follows:
where F (ξ 1 (ξ, t)) ∈ ℜ and the new coordinates are ξ 1 (ξ, t) = λ 1 (ξ − V 1 t) and ξ 2 (ξ, t) = λ 2 (ξ − V 2 t) with the real parameters λ 1 , λ 2 , V 1 and V 2 to be calculated. Here, V 1 is the speed of the envelope and V 2 is the speed of the carrier wave. Inserting (49) into (47) we obtain:
These two bracketed equations shall vanish independently. Performing the integration of the first equation and setting the integration constant to zero, we obtain from (V C) the following system:
Equating the coefficients of these two equations we arrive at:
From (V C) we have the following equation:
where
To solve (53) we use the sech-function method [20, 29] . We consider η = sech(ξ 1 ) and assume for (53) a solution in the form of a finite series:
We find that m = 1 after imposing the balance between the highest order derivative and the highest order nonlinear term. This gives F (ξ 1 ) = a 0 + a 1 η with a 0 = 0, C 1 = −1 and a 1 = ± 2/C 2 , where
The solution of (53) in the form
is then given by:
Requiring that C 1 = −1 in (V C), and then inserting the result in the expression (52), we obtain:
The condition C 2 > 0 in expression (56) is trivially satisfied by the condition µ 1 + µ 2 > 0 or
, when we use the results (V B) and (52). So, F (ξ 1 ) ∈ ℜ and our solution (49) for the NLS equation (47) then is:
Inserting the previous result A 0 = 0 and (58) into (V B) we obtain the following asymptotic representation of a steady solitary envelope wave solution of the Ostrovsky equation (23):
where ω is defined by (25) . To complete the solution, we need to calculate the second harmonic amplitude A 2 . We insert (58) into (45), and find:
Now, substituting A 0 = 0, (58) and (V C) into (V B) we obtain the final solution of (23):
In the cartesian space case we substitute (22) back into (V C) or into (V C) and find the desired solution of equation (IV).
D. Time evolution
In the previous section we have found an approximate analytical solution of the nonlinear wave equation. We will now discuss the main aspects of this solution. Since it depends on QCD parameters we will be able to identify the distinct features of waves in a quark gluon fluid, as for example how they depend on the quark masses, on the gluon mass, on the coupling constant and on the external magnetic field.
To illustrate the time evolution in the typical range 0 f m ≤ t ≤ 30 f m for QGP, we present the real part of (V C) in one cartesian x coordinate (y = z = 0 f m) for several magnetic field intensities and parameters. To facilitate visualization, we center the wave packet at x = 40 f m. To ensure causality, we always respect c s ⊥ < 1 and the pulse speed propagation c 0 = 2(c s ⊥ ) must also satisfy c 0 < 1. We also ensure the δρ B f (ξ, t) < 1 to satisfy the main perturbation scheme (11) . For the higher magnetic field intensities shown in the Fig. 1 and Fig. 2 , the causality violation and/or the expansion condition (11) violation might occur and for this reason we do not consider higher values of B. The Γ factor, see (24) , grows as the magnetic field increases.
Effect of the quark mass
From Eqs. (23) and (24) we see that the quark mass appears in the coefficients of all terms of the Ostrovsky equation (with the exception of the time derivative term). In particular, the inhomogeneous term has the strongest dependence. We also see that, to first order, choosing lighter quark masses is equivalent to enhancing the effect of the magnetic field.
In Fig. 1 we fix the dynamical gluon mass m G = 600 MeV and the coupling constant fields and as the field becomes stronger we observe a strong increase (a factor 100 !) of the amplitude accompanied by strong reduction of the width (by a factor 2) of the pulse. In Fig. 1(a) although the pulse seems stable, we checked that for very long times it will also decay, as we see in Fig. 1(c) .
Keeping all the parameters fixed and only replacing the down quark by the strange quark (with the mass going from 4.4 MeV to 96 MeV ), we plot the evolution of the resulting pulse in Fig. 2 . For these numbers we have c s ⊥ = 0.06 and c 0 = 0.12 . Again, we consider for all quarks ν = 300 MeV (ρ 0 = 2ρ N ∼ 2.1ρ N ). We observe the same trend for all quark flavors: as the magnetic field intensity increases, the amplitude of the pulse also increases and the initial width reduces. Also, we find a more visible alternation between perturbation and rarefaction as the magnetic field increases. Comparing the results obtained with up and strange quarks, we see that for larger masses the wave packet amplitude decreases, the width increases the decay time becomes much longer.
In 
Effect of the gluon mass
In Fig. 4 we fix the quark flavor and magnetic field intensity in order to observe the effect of changing the gluon mass from m G = 300 MeV (c s ⊥ = 0.4) to m G = 800 MeV (c s ⊥ = 0.15). Here, ν f = 300 MeV and ρ 0 = 2ρ N . As it can be seen, increasing the mass, the wave packet becomes narrower, decreases the speed and keep the same amplitude.
Effect of the coupling constant
In Fig. 5 we show the effect of changing the coupling constant, keeping all other parameters fixed. Increasing the coupling decreases the amplitude of the pulse and makes it move faster. We consider ν f = 300 MeV and so ρ 0 = 2ρ N . For fixed m G = 600 MeV and g = 0.05 we have c s ⊥ = 0.1 and for g = 0.2 we obtain c s ⊥ = 0.4 .
VI. CONCLUSIONS
In this work we derived the Ostrovsky equation (23), which is a simplified version of the nonlinear equation (IV) found for acoustic waves in a magnetized QGP. The Ostrovsky (or rKdV) equation is well known in the studies of internal waves and waves in a rotating ocean [17, 18] . It is also known in the context of weakly nonlinear magneto-acoustic waves propagating under the influence of external magnetic fields in a rotating plasma [19] . Here we find the Ostrovsky equation because of the external magnetic field (interacting with the quarks in the QGP) and because of the inclusion of the inhomogeneities in the baryon density (according to the approximation described in Eqs. (4) to (6)). The inhomogeneities generate the higher order spatial derivative terms of the baryon density in the energy density (7) and in the pressures (8) and (9) . In turn, these higher derivative terms provide the small-scale Lorentz force. In fact, the Lorentz force gives the large-scale dispersion coefficient Γ of (23).
All coefficients (24) the studies performed in [20] . Under certain conditions, we noticed that our solution (V C) mimics a KdV soliton profile. The QCD effects may increase the speed of the pulse (when the coupling constant increases) or decrease the speed of the pulse (when the dynamical gluon mass increases).
A numerical study was performed in [20] and it confirms that (V C) is a valid solution of the Ostrovsky equation, when (V C) is considered as initial condition. A similar approach is described in [19] . Our purpose in this work was the study of the magnetic field effects in the QGP nonlinear perturbations with inhomogeneities from the EOS. The conclusion is that for some magnetic field intensities, the solitonic profile is "destroyed" and changed into an alternation of pulse density perturbation and rarefaction of density perturbation.
This work may be considered an update of our previous work [12] , where the reduced Ostrovsky equation (ROE) was obtained. In other words, in [12] the "Ostrovsky equation
without the β term" was studied and a solitary rarefaction of the baryon density was found.
